Quantum addition channels have been recently introduced in the context of deriving entropic power inequalities for finite dimensional quantum systems. We prove a reverse entropy power equality which can be used to analytically prove an inequality conjectured recently for arbitrary dimension and arbitrary addition weight. We show that the relative entropic difference between the output of such a quantum additon channel and the corresponding classical mixture quantitatively captures the amount of coherence present in a quantum system. This new coherence measure admits an upper bound in terms of the relative entropy of coherence and is utilized to formulate a state-dependent uncertainty relation for two observables. Our results may provide deep insights to the origin of quantum coherence for mixed states that truly come from the discrepancy between quantum addition and the classical mixture. Introduction-The superposition principle lies at the heart of quantum theory. There are two ways of exploring superposition as a keystone for quantum technologies. The first is to consider a systematic resource theoretic approach, developed in the last few years as the resource theory of quantum coherence [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Several generalizations [14] [15] [16] 
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For pure states, it is natural that quantum coherence arises from superposition. However, for mixed states, there is no such notion of coherent superposition of mixed states. On the other hand, one can have classical mixture of two or more mixed states. Therefore, it is a priori unclear how quantum coherence can arise from the superposition principle for mixed states. Here, we show that for mixed states, the quantum coherence actually arises from the notion of quantum addition, which allows us to include an additional contribution arising from the non-commutativity of the mixed components over and above the classical mixture. In this paper, we prove that the quantum coherence naturally comes from the discrepancy between quantum and classical addition. This shows for the first time how quantum coherence arises for mixed states from an analogus notion of superposition, namely, the quantum addition.
Shannon originally proposed [22] an entropic power inequality (EPI) for classical continuous random variables, where the addition of two random variables was taken in the sense of convolution. This inequality was later proved by Stam [23] by the use of the Fisher information and the de Bruijn identity. A quantum version of the EPI for CV systems was proposed recently by Koenig and Smith [24] and proved along similar lines. In this version, the addition is in the sense of addition of modes of the optical field, which may be experimentally implemented via beamsplitters. The finite dimensional, i.e., qudit analogue to the EPI was finally proved [25, 26] recently, where the authors introduced a quantum addition operation, which is, in some sense, the qudit analogue of the operation of a beamsplitter.
In this letter, after a brief recapitulation of the qudit addition channel and the resource theory of quantum coherence, we first demonstrate reverse entropic relations for the qudit addition channel, which we use to prove a conjecture furnished in Ref. [27] for arbitrary choice of parameters. Subsequently, we move on to quantifying coherence in a quantum system through a quantity which arises naturally as a deficit term from the reverse entropic relation derived. We show by demonstrating the requisite monotonicity properties, that this quantity, which we term as the coherence of quantum addition (CQA) is indeed a coherence quantifier. We establish an upper bound to the CQA in terms of the well-known relative entropy of coherence [2] . We finally move on to establishing a quantum uncertainty relation with a state-dependent lower bound utilizing the CQA before concluding with a discussion on the impact of the present work and the scope for future works.
Preliminaries-In this section, we briefly recapitulate the basic framework on which the present work is based. We begin by reviewing the qudit addition channel as introduced in Ref. [25] . Subsequently we discuss the basic features of the resource theory of coherence useful in this context.
Quantum addition and entropic power inequalities-Shannon originally conjectured the entropy power inequality for continuous random variables X, Y in terms of the differential entropy H in the following form
where * is the convolution operation. Various proofs of this inequality, beginning with the original proof by Stam [23] have come up over the years [28] [29] [30] . A quantum generalization of the above inequality was obtained for CV systems considering the beamsplitter merging operation as the analogue of convolution. Dutta, Ozols and Audenart [25] the EPI for finite dimensional quantum systems through the qudit addition channel [31] . Essentially, this channel can be realized as a unitary evolution in C d ⊗ C d followed by tracing out the ancilla qudit. Let ρ ∈ B(C d ), σ ∈ B(C d ) be two qudit states. Then the quantum addition channel is a completely positive trace preserving (CPTP) map
where the unitary U α is the partial swap channel, i.e. 
It has been proved in [25] that for any concave function f which depends solely on the spectrum of a state ρ, the following relation holds true for α ∈ [0, 1]
If f is chosen as the exponential of the von Neumann entropy, we obtain the qudit analog to the classic EPI. For another suitable choice of f , the resulting inequality is a qudit analog of the entropic photon number inequality [25] . Quantum coherence-The resource theory of quantum coherence seeks to formally quantify the amount of superposition possessed by a quantum state with respect to some fixed basis. Like any convex resource theory, it has a set of free states called incoherent states which are diagonal states in the given basis, and a set of free operations, which are called incoherent operations (IO). Although other families of incoherent operations like maximally incoherent operations (MIO) [32] , strictly incoherent operations (SIO) [17] , physical incoherent operations (PIO) [32, 33] or genuinely incoherent operations (GIO) [34] have been put forward in the literature, we shall restrict ourselves to incoherent operations (IO) only. Since PIO,SIO or GIO are restricted subsets of incoherent operations, the proof of monotonicity under IO automatically imply monotonicity under these operations.
If a quantity C(ρ) is to be considered as a quantifier of quantum coherence for a state ρ under IO, it must satisfy first three of the following four properties, with the fourth one, i.e., convexity being a desired but not an essential feature.
1. Faithfulness-C(ρ) = 0 iff ρ is an incoherent state, i.e., diagonal in the given basis.
2. Weak monotonicity-Under any incoherent channel Λ, the amount of quantum coherence never increases, i.e., C(Λ(ρ)) ≤ C(ρ).
3. Strong monotonicity-If {K i } are Kraus operators corresponding to any incoherent operation Λ such that
, then the amount of coherence should not increase under selective measurement, i.e.,
4. Convexity-An additional desirable feature of a coherence quantifier is convexity over the states, i.e., if ρ =
Proving the strong monotonicity condition in particular, can be quite challenging. Therefore the following condition has been developed [35] as an equivalent condition to the third and fourth criteria provided the first and second criteria are met.
In this work, we shall use this criterion to establish the new coherence quantifier as a monotone.
A reverse entropic power relation -The entropic power inequality puts a lower bound on the entropy of the output of the qudit addition channel. In this section, we attempt to find an upper bound to the entropy of the output of the qudit addition channel.
Theorem (Reverse EP equality)-If ρ and σ are two qudit states and α denotes quantum addition with weight α ∈ (0, 1), then the following equality holds
Proof. Let us first analyze the difference in von Neumann entropies between the results of classical mixture and quantum addition of states ρ and σ.
Now, let us concentrate on the second term. Since αρ + (1 − α)σ is a positive semidefinite matrix, its logarithm, say K, is Hermitian and commutes with αρ
Armed with this result, we now simplify the second term in the following way.
Here we have used the cyclicity of trace as well as the commutation relation in (9) . Thus, the second term in the remainder vanishes and the proof is complete.
An immediate corollary to the theorem above is the following inequality for arbitrary α ∈ [0, 1], which was conjectured [27] to hold for arbitrary qudit systems when α = 1 2 . Corollary-If ρ and σ are two qudit states, then
This result follows from the relation (6) and the nonnegativity of quantum relative entropy. It is easy to see that for α ∈ (0, 1), this inequality is strict if ρ and σ do not commute.This we term as the reverse entropy power inequality. Thus quantum addition of two density operators results in a density operator whose entropy is always lower compared to the corresponding classical mixture. One may thus wonder, does this difference in entropy capture some quantumness ? In the rest of the paper, we confirm that this is indeed the case and this difference quantitatively captures the amount of quantum coherence present in a state. Similar reverse entropic power inequalities can be constructed from elementary entropic properties and will be considered elsewhere.
Coherence of quantum addition -We now propose the following quantity, which we name as the coherence of quantum addition (CQA), as a coherence quantifier for every 0 ≤ α ≤ 1. This is defined as
Below we show that this quantity is a coherence monotone. That this quantity vanishes for incoherent ρ is obvious. In order to proceed towards proving the monotonicity of C α under IO channels , let us first prove the following lemmaLemma-If σ is an incoherent state and Λ denotes a strictly incoherent channel, then the following equality holds
Proof-The Kraus operators {K i } corresponding to the IO Λ are known to be doubly stochastic and thus, may be expressed in the form K i = k d ik |π k k|, where |π k is a permutation of basis element |k . LHS of the equality to be proved reads as
. Now, let us focus on the quantity Λ(ρ)Λ(σ), which equals
Similarly one can prove that Λ(σρ) = Λ(σ)Λ(ρ). The equality to be proved now follows straightforwardly.
Having proved this lemma, we can immediately prove the monotonicity condition under incoherent channels. Before that, let us remark that this lemma, which shows that the qudit addition a.k.a. partial swap channel commutes with an IO, may be of independent interest. In particular, for CV settings, the beamsplitter operates as a similar channel to the qudit addition channel described here. Thus, it may be interesting to check whether the free operations in resource theory of coherence for CV systems do also commute with the beamsplitter channel, when one of the inputs in the beamsplitter happen to be free, e.g, a quantum optical coherent state or a thermal state. Theorem (Monotonicity under incoherent channels) Under any incoherent channel Λ, and for any state ρ, the following relation holds for all α ∈ [0, 1], i.e.,
Proof-Suppose σ is the incoherent state which yields the requisite minimization for C α (ρ). Now,
Here we have used the previous lemma as well as the fact that the quantum relative entropy is a monotone under CPTP maps.
We now move on to proving the following property, which, in conjunction with the monotonicity property proved earlier, establishes the CQA as a full coherence monotone.
Theorem (Equality under direct sum) For two states ρ 1 and ρ 2 , and probabilities p 1 , p 2 ∈ [0, 1] such that p 1 + p 2 = 1, the following equality holds for all α ∈ [0, 1]
Proof-We shall prove this equality by first proving it as an inequality in one direction and then proving it as an inequality in the opposite direction. Suppose σ 1 and σ 2 are incoherent states yielding the required minimization for evaluation of CQA for states ρ 1 and ρ 2 respectively. Let us write the LHS as
Now, we have to prove this inequality in the opposite direction. Let us assume the incoherent state σ for which the requisite minimization for C α (p 1 ρ 1 ⊕p 2 ρ 2 ) is obtained, is expressible as
σ 2 )). Now let us assume without loss of generality that
Let us now concentrate on the second term of the above expression.
Here the first equality follows from the property S (A ⊕ B||C ⊕ D) = S (A||C) + S (B||D) followed by the relative entropy.
The subsequent equality of C α (ρ 2 ⊕ 0) and C α (ρ 2 ) can be shown from the monotonicity condition under IO which has already been proved earlier. Now, we have to prove that S (ρ 1 α
. Suppose the Kraus operators corresponding to the qudit addition channel and the convex mixing channel are {K i } and {L i } respectively. Then,
Thus, we have
Since we have already proved this inequality the opposite way, the equality condition follows. Relating the coherence of quantum addition to relative entropy of coherence-Now that we have established the coherence of quantum addition as a full coherence monotone, the next task is to relate it to already extant measures of coherence. One of the most important measures of quantum coherence is the relative entropy of coherence. This has operational interpretation as the coherence cost in the asymptotic setting [4] , as well as the cost associated with erasing quantum coherence [36] . Below we give an upper bound to the CQA in terms of the relative entropy of coherence.
Theorem -coherence of quantum addition is upper bounded by a function of the relative entropy of coherence C r in the following way
where h(α) is the binary entropy function and equals
Proof. Let us start with the entropic power inequality [25] 
Combining this inequality with (6) yields,
The penultimate inequality is taken from Ref. [37] . In the last step, we apply the Pinsker inequality. Now, taking σ as an incoherent state which minimizes the relative entropy of coherence, i.e., the dephased version of ρ, the theorem above follows immediately.
Since relative entropy is in turn bounded above by the another popular coherence measure, viz. the l 1 norm, a weaker upper bound on the CQA may be given in terms of the l 1 norm of coherence as well.
A state-dependent quantum uncertainty relation-Uncertainty relations are one of the fundamental pillars of quantum theory [38] [39] [40] . However, for mixed quantum states, there are two sources of uncertainty present, the first is the classical stochastic randomness in preparing mixed states and the second being the intrinsic quantum randomness. It is thus desirable to separate out these two types of randomness, and especially to formulate uncertainty relations in terms of the quantum part of the uncertainty alone. Luo in his seminal paper [41] prescribed the Wigner Yanase skew information for quantification of the quantum part of uncertainty. However, the uncertainty relations obtained through them have statedependent lower bounds. Let us recall at this juncture Luo's criteria [42, 43] for an entity Q to be a quantifier of the quantum part of the uncertainty for an observable A.
1. Q must vanish if the state ρ of the quantum system commutes with the observable A.
2. Q must be convex with respect to the state ρ It has already been proved that the CQA follows both those properties when coherence is computed with respect to the eigenbasis of A. Indeed, any convex coherence monotone is thus a quantifier of the quantum part of uncertainty, and such resulting uncertainty relations in terms of other popular coherence quantifiers have already been discovered [44] . For a discussion, we refer to [42] . Thus, it is imperative that we prove an uncertainty relation in terms of CQA with respect to eigenbases of two (generally non-commuting) observables. Suppose {σ Q } are the family of states diagonal in the eigenbasis of a Hermitian operator Q. In this case, the following state-dependent uncertainty relation is proved for two observables A and B. Theorem-If σ A and σ B are the diagonal states in the respective eigenbases of A and B, for which the requisite minimization for the CQA is obtained, then the following uncertainty relation holds
Proof. From the Pinsker inequality, we have
Now, let us consider the Bianchi identity
and remind ourselves of the Kittaneh's inequality for arbitrary linear operators A and B
||[A, B]|| ≤ 2||A|| ||B||
Together with the fact that density matrices have unit norm, they imply
Now combining this result with (26) completes the proof.
It is clear that although the coherence quantifier considered here is entropic in nature, unlike the canonical entropic uncertainty relations [45] , the lower bound of the above uncertainty relation is state dependent, moreover it is expressed in terms of the commutator between states diagonal in the eigenbases of the respective observables, thus retaining a flavour of the Robertson form of uncertainty relation, which also has a state dependent lower bound.
Conclusion and future scope -To summarize, we have shown that for mixed states, quantum addition, though not in same footing as quantum superposition for pure states, does provide a clear operational significance in quantitatively capturing the quantum coherence. We know that mixing, whether classical, or quantum, increases entropy, but in this letter, we showed that the increase in entropy due to quantum mixing (addition) is always lower than the former. We further showed that the relative entropic difference between quantum and classical mixing is actually related to the coherence content of a mixed state. This agrees with our intuition, since the property of non-commutativity which is responsible for the difference between classical mixture and the qudit addition channel also underlies the theory of quantum coherence. We also derived a state dependent quantum uncertainty relation, which may be considered in conjunction with recent variance-based stronger uncertainty relations [46] [47] [48] [49] [50] , to investigate the link between uncertainty and quantum resources like coherence. From an information theoretic standpoint, the implications of our results for the coherence generating capacity of qudit channels may turn out to be potentially important.
For CV systems or even finite dimensional systems with non-orthogonal bases, the quantification of superposition is trickier. In those systems, the analogs to qudit addition channel considered here, e.g. the beamsplitter in quantum optical systems, may be useful for resource quantification. Another facet of the present work would be to consider the amount of magic [20, 51, 52] present in the system. If we allow classical convex mixture of two pure stabilizer states, the resultant state is again within the stabilizer polytope. However, performing a qudit addition channel on two stabilizer states may result in a magical output state. The consideration of such resource creation via the qudit additon channels and the related question of calculating the energetic cost of such operations, as well as mathematical investigations into the geometry of quantum states under qudit addition channels should be interesting for future work.
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